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1. Constructing moduli space of quiver representations

A quiver Q is just a directed graph - it consists of a set of vertices, which we denote Q0 =
{v0, . . . , , vn} and the set of paths (or arrows) Q1 between the vertices. For simplicity, we may
denote α : vi → vj if α is a path from vertex vi ∈ Q0 to another vertex vj ∈ Q0. In addition,
we denote h(α) to be the origin of the path and t(α) to be the target of the path - so if α is
as in the previous sentence, h(α) = vi and t(α) = vj .

We assume we are working over C always. A representation V of a quiver Q is an assign-
ment of a C− vector space Vx for each vertex x ∈ Q0 and a linear map V (α) : Vx → Vy for
each path α : x→ y. We say the array of dimensions of the vector spaces Vx form a dimension
vector d ∈ ZQ0 . Then we have morphisms of representations of a fixed quiver Q as a collection
of homomorphisms {fx : Vx → Yx | x ∈ Q0} such that the following commutes:

Vx • • Vy

Wx • •Wy

V (α)

fy

W (α)

fx

In particular, two representations V and W are isomorphic only if Vx ∼= Wx as vector spaces
for all x ∈ Q0, that is, the prescribed dimension vector is the same for V andW . In our specific
case, we are interested in representations of the following 3-vertex quiver:

1O

1O 1O
...

t0,...,tm
...

s0,...,sn

u0,...,up...

Figure 1: A 3-points quiver

where there are n + 1 paths from the bottom left to bottom right, and so on. We also fix
a dimension vector d = (1, 1, 1), so that each arrow corresponds to a linear map from C to
C, which is nothing than a scalar multiplication by a complex number. Then all the possible
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representations of this quiver is parametrized by the affine space R(Q,D) = Cn+1 ⊕ Cm+1 ⊕
Cp+1, and the isomorphism classes correspond to the orbits of the (C∗)3-action by (z1, z2, z3) ·
(s, t, u) = ( z2z1 s,

z3
z1
t, z3z2u) for (s, t, u) ∈ Cn+1 ⊕ Cm+1 ⊕ Cp+1. Our goal is to understand the

metric geometry of the projective variety that parametrizes the isomorphism classes of this
quiver, called the quiver flag variety, which we can construct in two ways explained in the
following sections.

GIT quotient

Let C3 act on the affine space R(Q, d) (also called the representation space) as above. Then
the diagonal subgroup ∆ ⊂ (C∗)3 acts trivially on the representation space, leaving a faithful
action of the quotient group G := (C∗)3/∆. We choose a character θ = (−2, 1, 1) of the group
G by the abuse of terminology, where we really mean we choose a character χθ corresponding
to the weight vector θ such that χθ(z1, z2, z3) = z−2

1 z2z3.

To construct a ”good” quotient of R(Q, d) by the action of G, we use that as an affine variety,
R(Q, d) = Spec(O(R(Q, d))), where O(R(Q, d)) is the ring of sections of the trivial line bundle
R(Q, d) × C. Then for each r ≥ 0, we lift the G-action on R(Q, d) to the action of G on the
fibers of R(Q, d) × C by multiplication by χrθ, and denote the ring of invariant sections of
O(R(Q, d)) by O(R(Q, d))G,χ

r
θ . That is, given a g ∈ G and p ∈ R(Q, d), the ”lift” (or, the

”linearization”) of G-action is given by

G× (R(Q, d)× C → R(Q, d)× C
(g, (z, t)) 7→ (g.z, χθ(g)

rt)

and the induced action on the space of sections is given by

G×O(R(Q, d)) → O(R(Q, d))

(g, s) 7→ g.s, g.s(z) = χθ(g)
r · s(g−1.z)

This ring of invariant sections (or functions) is finitely generated as a C-algebra by Hilbert’s
finiteness theorem, allowing us to simply define the quotient to be the algebraic variety

Mθ = R(Q, d)//G := Proj(
⊕
r

O(R(Q, d))G,χ
r
θ )

As it turns out, not all the G-orbits are uniquely represented in this quotient - only the
semistable ones are. We say a point x ∈ R(Q, d) is semistable if there is a r ≥ 1 such that
there is a section s ∈ O(R(Q, d))G,χ

r
θ such that s(x) ̸= 0. A point is unstable if it is not

semistable. Furthermore, we say x is stable if the ring of invariants separates orbits and the
stabilizer of x is finite, that is, there are two sections that take different values in two different
orbits near x. Hence the set of semistable orbits contain the stable ones, and this quotient
is only defined on the locus of semistable points on the representation space, which are the
points that the invariant functions can ”see”. It must be noted that the resulting quotient will
depend on the choice of character θ, as seen on the following example.

Example. We would like to parametrize the representations of the Kronecker quiver with
n+ 1 arrows with dimension vector d = (1, 1).

1O 1O
...

Then the representation space is just Cn+1, with the group C∗ × C∗/∆ ∼= C∗ acting on it via
scalar multiplication by t ∈ C∗. First, we choose the character θ = (−1, 1), then the C∗ acts on
the fibers of the trivial line bundle by multiplication by t−1. Since the ring of sections is just
the polynomial ring C[x0, . . . , xn], the invariant section F ∈ C[x0, . . . , xn] must satisfy that
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tF (t−1x0, . . . , t
−1xn) for all xi, i.e. F is a degree 1 homogeneous polynomial in n+1 variables.

Repeating this over powers of the trivial line bundle, now where the multiplicative group C∗

acts by multiplication by t−r for positive integers r on the fibers, we obtain that the graded
ring of invariant sections is just homogeneous polynomials in n+ 1 variables, that is,

Mθ = Proj(
⊕
r

C[x0, . . . , xn]r≥0) ∼= Pn

On the other hand, choosing a character θ = (1,−1) gives us the empty quotient, as the only
sections F invariant under multiplication by tr on the fibers of Cn+1 × C are the constants
(if tF (tx0, . . . , txn) = F (x0, . . . , xn) for all t ∈ C∗, then F must be constant), and Proj(C) is
empty.

From the above example, in the first case, we just had to discard the singleton orbit {0} in
order to get a quotient that we want, but in the second case, we threw away all of the orbits and
we ended up with an empty quotient. It is not in general to determine the stability of a given
point, but luckily we have a nice topological characterization of semistability and stability.

Theorem. For a x ∈ R(Q, d), pick a x̃ ∈ O(R(Q, d)) covering it. Then

1. x is semistable if and only if the closure G.x̃ ⊂ O(R(Q, d)) of the orbit is disjoint from
the zero section R(Q, d)× {0}.

2. x is stable if and only if the orbit G.x̃ is closed and the stabilizer of x̃ has finite index
over ∆, the diagonal subgroup acting trivially on R(Q, d).

Using this characterization, in the first case of our example, viewing C∗ acting on the entire
affine space Cn+2, all the orbits are semistable, except the zero sections, all of which gets
identified. In the second choice of a character, the C∗-action on Cn+2 is just the usual scalar
multiplication, resulting in that the closures of all the orbits intersecting the zero section, and
consequently giving us an empty quotient. To get a sense of more complicated quotients, like
the ones we are considering here, it is useful to know another description of our quiver flag
variety, by the means of symplectic quotients.

Symplectic Quotients

We use the fact that as an affine space, R(Q, d) is naturally a symplectic manifold, whose
symplectic form is associated to the usual choice of hermitian inner product on a C-vector
space. The complex Lie group (C∗)3 is the complexification of the maximal compact subgroup

U =
∏
v∈Q0

U(dim(Vv)) = (U(1))3 ∼= (S1)3

whose action preserves the hermitian metric on each summand of R(Q, d), and hence the
associated symplectic form ω. The (infinitesimal) action of A = (a, b, c) ∈ (R)3 on ϕ =
(x, y, z) ∈ R(Q, d) is given by A.ϕ = ((b − a)x, (c − a)y, (c − b)z), so we can consider the
moment map µ : R(Q, d) → (u(1)∗)3 ∼= (R∗)3 given by

µ(p) ·A = (A.ϕ, ϕ) =
∑
α∈Q1

(At(α)ϕαϕ̄α − ϕαAh(α)ϕ̄α)

= (b− a)|x|2 + (c− a)|y|2 + (c− b)|z|2

where the norm is taken with the appropriate hermitian inner products on each summand of
R(Q, d). By identifying u(1)3 = R3 ∼= (R∗) = (u(1)∗)3 using the natural dual pairing on R, we
can write the above map as µ∗ : R(Q, d) → (u(1))3 ∼= R3 where

µ∗(ϕ) =

 ∑
h(α)=v

(ϕα, ϕα)−
∑
t(α)=v

(ϕα, ϕα)


v∈Q0
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whose output is a 1× 3 matrix. Writing the moment map this way, we can associate to it the
inverse image of the derivative dχθ : (C)3 → C of the character χθ : (C∗)3 → C∗, restricted
to U = (S1)3 ⊆ (C∗)3 so that dχθ|U : U → Lie(S1)3 ∼= R3. Then dχθ|U is a fixed point of
the coadjoint action of U, so the level set µ−1(χθ) is U -invariant by the equivariance of the
moment map, and we can consider the topological quotient

µ−1(χθ)/U.

If χθ is a regular value of µ, then the preimage µ−1(χθ) is a smooth submanifold of R(Q, d),
and U is a compact Lie group acting smoothly and freely (up to a scalar multiplication), so the
quotient is also a smooth manifold. Moreover, the symplectic form ω on R(Q, d) descends to a
symplectic form ωπ on the quotient µ−1(χθ)/U such that π∗ωπ = ω. Our choice of θ = (−2, 1, 1)
will satisfy these conditions, so we really do obtain a symplectic manifold (in fact, Kähler, since
R(Q, d) was Kähler and pullback of forms commutes with exterior derivatives). The key is the
following theorem, which closes the loop of our discussion so far:

Theorem (Kempf-Ness). The level set µ−1(χθ) meets eachG-orbit, which is closed inR(Q, d)ss

(the semistable locus) in precisely one U orbit.

Then the quotient map µ−1(χθ) ↠ µ−1(χθ)/U and the inclusion µ−1(χθ) ↪−→ R(Q, d) induces
a natural map µ−1(χθ)/U → R(Q, d)//G, and the Kempf-Ness Theorem asserts that this is a
bijection, and even more:

Corollary. There is a homeomorphism

µ−1(χθ)/U ∼= R(Q, d)//G = Mθ.

2. Moduli of representations of the 3-point quiver

Now we can turn our attention from the general case to the specific quiver of our concern,
the 3-points quiver as in Figure 1. For this, we follow A. Craw’s construction of quiver flag
varieties ([1]), using a decomposition

R(Q, d) =
⊕
v∈Q0

 ⊕
h(α)=v

Hom(Cdim(t(α)),Cdim(v))


= Cn+1 ⊕ (Cm+1 ⊕ Cp+1).

All this amounts to is just a change of viewpoint, essentially building the moduli space by
considering one vertex at a time. We do this by starting with our quiver Q, and forgetting the
vertex on the top, leaving us with the Kronecker quiver that we have seen before. Since the
semistable locus on the original quiver always has nonzero vector on each summand (Lemma
2.1, [1]), this gives us a surjective morphism π : Mθ ↠ Pn.

1O

1O 1O

1O 1On+1

m
+
1 p

+
1

n+1
...

Figure 2: Forgetting the top vertex

Now it remains to understand the fibers of Mθ over each point of Pn. We note that Pn
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comes equipped with two line bundles, the trivial line bundle OPn (corresponding to the origin
vertex on the left) and the tautological quotient bundle OPn(1) (corresponding to the target
vertex on the right). Then if we fix a point of Pn, the fiber over it is the sum of m + 1
1-dimensional vector spaces corresponding to the origin vertex (or, m + 1 images of C under
scalar multiplications) and p + 1 1-dimensional vector spaces corresponding to the vertex on
the right (or more precisely, the images of the tautological quotient bundle under p+1 different
scalar multiplications). Applying the Kronecker quiver example again, this fiber is actually
the projectivization of it, as it parameterizes the C∗-orbits under scalar multiplication. So we
can realize Mθ as a projective bundle over Pn. As this point varies over Pn, this fiber sweeps
over m + 1 copies of the trivial line bundle OPn and p + 1 copies of the tautological quotient
bundle OPn(1). So we obtain that

Mθ = PPn(OPn
⊕m+1 ⊕OPn(1)⊕p+1)

and in addition, it carries the trivial line bundle (corresponding to the bottom left vertex), the
tautological quotient bundle OPn(1) pulled back from Pn (corresponding to the bottom right
vertex), and the tautological quotient line bundle O(1) over Mθ (corresponding to the top
vertex).

3. Embedding of a projective variety into the quiver variety

Now consider a projective variety X, with two very ample line bundles L1, L2 → X such
that even L2 ⊗ L∗

1 is very ample. We know we obtain a canonical embedding (the ”Kodaira
embedding”) of X into a projective space via

X −→ P(H0(X,L1)
∗)

x 7→ [evx]

where the evaluation map evx takes the value evx(s) := s(x) at a section s ∈ H0(X,L1). Our
goal is to generalize this notion by considering the relationship between X and the sections of
L1, L2, and L

∗
1 ⊗ L2.

We choose a basis s0, . . . , sn forH0(X,L1), t0, . . . , tm forH0(X,L2), and u0, . . . , up forH
0(X,L∗

1⊗
L2. Then for each point x ∈ X, we can associate to it a 3-vertex quiver Qx:

L2|x

OX |x ∼= C L1|x
...

t0(x),...,tm(x)
...

s0(x),...,sn(x)

u0(x),...,up(x)...

where we use the identifications Hom(OX , L1) ∼= L1, Hom(OX , L2) ∼= L2, and Hom(L1, L2) ∼=
L∗
1 ⊗ L2. Then we get a morphism φ : X −→ Mθ, where x 7→ [Qx] maps each point x to the

corresponding quiver. It turns out that this map is well-defined, since we assumed that L1, L2,
and L∗

1⊗L2 are all very ample, for each x ∈ X, at least one si(x), tj(x), and uk(x) are nonzero
(i.e. the linear systems |L1|, |L2|, and |L∗

1 ⊗ L2| are all basepoint-free). And Lemma 2.1 in [1]
again ensures that Qx for all x corresponds to a stable orbit of Mθ. We can describe this in
coordinates: let x ∈ X, and choose trivializations (i.e. scalars) v : L1

∼= C and w : L2
∼= C

near x. Then denoting λ(x) = (v(s0(x)), · · · , v(sn(x))) and its equivalence class λ̂ in Pn, we
can express the embedding in the following way:

x 7−→ ([w(t0(x)) : · · · : w(tm(x)) : w(u0(x)λ(x)) : · · · : w(up(x)λ(x))], λ̂(x))
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4. Some metric geometry

Then it is natural to ask how the tautological bundles behave under this embedding. Un-
surprisingly, the canonical embedding ψ : X → Pn factors as φ ◦ π, so we have the pullback
ψ∗OPn(1) = (φ ◦ π)∗OPn(1) ∼= L1. By looking at the fibers in each coordinates, we also
see that for each x ∈ X, fiber of the tautoligcal quotient bundle S of the projective bundle
P(O⊕m+1

Pm ⊕ OPn(1)⊕p+1) over φ(x) is isomorphic to L2|x, so φ∗S ∼= L2. Moreover, we would
like to see how the hermitian metrics h1 on L1 over X and h2 on L2, and their associated
Kähler forms ω1 and ω2 behave.
So let s0, . . . , sn be the homogeneous coordinates on Pn, that is, at any point of Pn, at least one
si is nonzero. Suppose that z = (z0, . . . , zn) is a point on Cn+1 \ {0} and [z] is the correspond-
ing class in Pn. Then z is a point on a 1-dimensional fiber of OPn(−1) over [z]. The natural
inclusion 0 → OPn(−1) → O⊕n+1 induces a hermitian structure hFS on OPn(−1), where the
length of the vector z is given by ∥z∥2hFS

= |z0|2 + · · ·+ |zn|2. Since ψ∗OPn(1) ∼= L1, we have
ψ∗OPn(−1) ∼= L∗

1, so this induces a hermitian metric on L∗
1 by

∥ζ∥2ψ∗hFS
= |ζ(s0(x))|2 + · · ·+ |ζ(sn(x))|2

for each point x ∈ X, where s0, . . . , sn here are the basis for H0(X,L1). Then using the dual
norm, if we take a vector v ∈ L1|x, we have that

∥v∥2ψ∗h∗
FS

= sup
ζ∈L∗

1 |x

|ζ(v)|2

∥ζ∥2ψ∗hFS

= sup
ζ∈L∗

1 |x

|ζ(v)|2

|ζ(s0(x))|2 + · · ·+ |ζ(sn(x))|2

=
|v|2h1

|s0(x)|2 + · · ·+ |sn(x)|2

where the last line follows because a choice of ζ ∈ L∗
1|x is just a choice of scalar multiplication

L1|x → C. With this, we can deduce the following:

Proposition.
h1

(ψ∗hFS)∗
= |s0(x)|2 + · · ·+ |sn(x)|2

□

If s0, . . . , sn are L2-orthonormal basis of H0(X,L1), then we call the function on the right
hand side the Bergman kernel, which we denote by B1. In that case, since ω1 = − i

2π∂∂̄ log h1
and ψ∗ωFS = − i

2π∂∂̄ log(ψ
∗h∗FS), we obtain that

ψ∗ωFS = ω1 +
i

2π
∂∂̄ logB1

verifying that ψ∗ωFS and ω1 define the same Kähler class in H1,1(X,C), as expected.
The situation for L2 is more complicated, because we need to figure out the hermitian structure
on the tautological bundle over the projective bundle P(E), where E = OPn

⊕m+1⊕OPn(1)⊕p+1.
As before, let s0, . . . , sn be the homogeneous coordinates on Pn, and suppose we are on the
subset U0 where s0 ̸= 0. Then let w = (1, w1, . . . , wn) to be a point on this local chart, where
wi =

si
s0
. Say we have the coordinates t0, . . . , tm on OPn

⊕m+1 and u0, . . . , up on OPn(1)⊕m+1.
Then over the point w, a vector [v] in P(E)|w is represented by

[v] = [t0 : · · · : tm : u0 · s0 : · · · : up · s0]

since s0 (as a linear functional on OPn(−1)|w) forms a local frame for OPn(1). Since the direct
sum of vector bundles obtains a hermitian structure from its summands, we can immediately
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see that the hermitian metric for E is given by the (m+ p+ 2)× (m+ p+ 2) matrix

1 0
. . .

1
1

1+|w|2
. . .

0 1
1+|w|2


where 1

1+|w|2 comes from the hermitian metric on OPn(1) multiplied by the length of the

local frame s0. Restricting this gives us a hermitian structure on OP(E)(−1), so if we view
v = (t0 : · · · : tm : u0 · s0 : · · · : up · s0) as a point in OP(E)(−1)|[v], the length of v is given by

∥v∥2FS = |t0|2 + · · ·+ |tm|2 + 1

1 + |w2|
(|u0|2 + · · ·+ |up|2)

Taking the dual norm again, for a ζ in OP(E)(1)|[v], we have

∥ζ∥2FS∗ = sup
v∈OP(E)(−1)|[v]

|ζ(v)|2

∥v∥2FS
=

|ζ(v)|2

∥v∥2FS

since a choice of v in the fiber over [v] just scales the corresponding lengths by a scalar amount
and ζ acts linearly on this fiber. Recall that φ∗OP(E)(1) ∼= L2. Say s0, . . . , sn are basis for
H0(X,L1), t0, . . . , tm basis for H0(X,L2), and u0, . . . , up basis for H0(X,L∗

1 ⊗ L2). If τ is a
vector in L2|x with φ(x) = ([t0(x) : · · · : tm(x) : u0(x) · s0 : · · ·up(x) · s0], [s0(x) : · · · : sn(x)])
such that s0(x) ̸= 0, then

∥τ∥2φ∗h∗
FS

= sup
v∈L∗

2 |x

|τ(v)|2

∥v∥2φ∗hFS

= sup
v∈L∗

2 |x

|τ(v)|2

|v|2(|(t0(x))|2 + · · ·+ |tm(x)|2 + 1
1+|w|2 (|(u0(x))|2 + · · ·+ |(up(x))|2))

=
∥τ∥2h2

|(t0(x))|2 + · · ·+ |tm(x)|2 + 1
1+|w|2 (|(u0(x))|2 + · · ·+ |(up(x))|2)

Then we can deduce a similar result as above:

Proposition. On a complement of a divisor corresponding to si = 0, we have

h2
φ∗(h∗FS)

= |t0(x)|2 + · · ·+ |tm(x)|+ |si(x)|2

|s0(x)|2 + · · ·+ |sn(x)|2
(|u0(x)|2 + · · ·+ |up(x)|2)

□
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